We investigate genuine multipartite entanglement in general multipartite systems. Based on the norms of the correlation tensors of a multipartite state under various partitions, we present an analytical sufficient criterion for detecting the genuine four-partite entanglement. The results are generalized to arbitrary multipartite systems.
Introduction
Quantum entanglement is one of the most fascinating features in quantum physics, with numerous applications in quantum information processing, secure communication and channel protocols [1, 2, 3] . In particular, the genuine multipartite entanglement appears to have more significant advantages than the bipartite ones in these quantum tasks [4] .
The notion of genuine multipartite entanglement (GME) was introduced in [5] . Let H d i , i = 1, 2, ..., n, denote d-dimensional Hilbert spaces. An n-partite state ρ ∈ H d 1 ⊗ ... ⊗ H d n can be expressed as ρ = p α |ψ α ψ α | , where 0 < p α ≤ 1, p α = 1, |ψ α ∈ H d 1 ⊗ ... ⊗ H d n are normalized pure states. ρ is said to be fully separable if it can be written as ρ = i q i ρ 1 i ⊗ ρ 2 i ⊗ · · · ⊗ ρ n i , where q i is a probability distribution and ρ j i are density matrices with respect to the subsystem H j . On the other hand, ρ is called genuine n-partite entangled if |ψ α are not separable under any bipartite partitions.
Detection of GME for Four-partite Quantum States
We first consider the GME for four-partite qudit states ρ ∈ H d 1 ⊗ ... ⊗ H d 4 . Let λ i , i = 1, · · · , d 2 − 1, denote the mutually orthogonal generators of the special unitary Lie algebra su(d) under a fixed bilinear form [20] , and I the d × d identity matrix. Then ρ can be expanded in terms of λ i s,
where λ (f ) i 1 ((f ) represents the position of λ i 1 in the tensor product) stand for the operators with λ i 1 on H f and I on the rest spaces, t (f )
Let T (f ) , · · · , T (1, 2, 3, 4) denote vectors with entries t (f ) i 1 , · · · , t (1, 2, 3, 4) i 1 ,i 2 ,i 3 ,i 4 (i 1 , i 2 , i 3 , i 4 = 1, · · · , d 2 − 1; f = 1, 2, 3, 4), respectively. From T (f ) , · · · , T (1, 2, 3, 4) we further define the following matrices under different partitions.
We denote T f |ghl the (
i 1 ,i 2 ,i 3 , respectively. We denote T (f,g,h) , T (f ,g,h) and T (f,g,h) the (d 2 − 1) 2 × (d 2 − 1) matrices with entries given by t (d 2 −1)(i 1 −1)+i 2 ,i 3 = t (f,g,h)
The Frobenius norm is matrix norm of an m × n matrix M defined as the square root of the sum of the absolute squares of its elements, M = i,j |M ij | 2 . It is also equal to the square root of the matrix trace of MM † , where M † is the conjugate transpose, i.e., M = tr(MM † ). Since trace is invariant under unitary equivalence, this shows M = i σ 2 i . The sum of the k largest singular values of M is a matrix norm, the Ky Fan k-norm of M, i.e., M k = k i σ i , where σ i , i = 1, · · · , min(m, n), are the singular values of the matrix M arranged in descending order.
Thus, T (1,2,3) = (t (1,2,3)
. Concerning the relations between the correlation tensors and the separability under various partitions, we have the following results:
be a pure state. If ρ is fully separable, then for any k = 1, · · · , d 2 − 1,
Proof. Since ρ is fully separable, ρ = ρ 1 ⊗ ρ 2 ⊗ ρ 3 ⊗ ρ 4 , where ρ 1 , ρ 2 , ρ 3 , ρ 4 are the reduced density matrices of ρ. By the calculation, we obtain t (1,2,3,4)
i 4 . According to the inequality for 1-body correlation tensors, T (f ) ≤ 2(d−1) d [17] , f = 1, 2, 3, 4, with the equality holding iff the state is pure, we have
which proves the Theorem.
Let f , g, h and l be any subsystem in a four-partite quantum system. f = g = h = l ∈ {1, 2, 3, 4} means that any two subsystems are not repeatedly selected.
be a pure state such that ρ is separable under at least one bipartition. Then for any k = 1, · · · , d 2 − 1,
(ii) ρ is entangled under bipartition f |ghl, without loss of generality, say, under the bipartition 1|234. If ρ is separable under some bipartition of one subsystem vs the rest three subsystems, we have
If ρ is separable under some bipartition of two subsystems vs the rest two subsystems, from the inequality of 2-body correlation tensors T (f,g) ≤ 4(d 2 −1) d 2 [17] , we have
where we have used the inequality M k ≤ k M for any matrix M. If ρ is separable under some bipartition of three subsystems vs the rest one subsystem, we have
Similar discussion applies to other bipartitions 2|134, 3|124 and 4|123. It indicates that these norms have the same upper bound. Hence,
if ρ is entangled under bipartition f |ghl.
We may analyze the bipartition f gh|l by using similar methods above and obtain the following Lemma.
be a pure state such that ρ is separable under at least one bipartition. Then for any k = 1, · · · , d 2 − 1, and f = g = h = l ∈ {1, 2, 3, 4}, we have
Now we consider the relations between the correlation tensors and the separability under the bipartition f g|hl.
(ii) if ρ is entangled under bipartition f g|hl, then
Proof
by using the inequality for 2-body correlation tensors.
(ii) ρ is entangled under bipartition f g|hl, say, 12|34. If ρ is separable under some bipartition of one subsystem vs the rest three subsystems, we have
If ρ is separable under some bipartition of two subsystems vs the rest two subsystems, we have
If ρ is separable under some bipartition of three subsystems vs the rest one subsystem, we have
Hence, if ρ is entangled under bipartition 12|34, we have T f g|hl k ≤max{
Similarly, if ρ is entangled under bipartition 13|24, 14|23 23|14, 24|13 and 34|12, we have the upper bound of the norm as follows. Let i vs j denote that ρ is separable under some bipartition of i subsystem vs the rest j subsystems.
Altogether we have T f g|hl k ≤ 4k(d 2 −1)
if ρ is entangled under bipartition f g|hl.
Next we present a sufficient condition to detect GME for four-partite systems. By the
is a rather weak condition. We define the average
Theorem 1. If ρ is a four-qudit state, and
for any k ∈ {1, 2, 3, · · · , d 2 − 1}, then ρ is genuine multipartite entangled.
Remark 1: Compared with the Theorem 3 in [17] for four-qubit states, our result detects GME for any general four-qudit states.
Detection of GME for Multipartite Quantum States
In this section, we study the GME for multipartite qudit states. Any n-partite density
where (j 1 ) represents the position of λ i 1 in the tensor product, t
in ), and T (j 1 ) , · · · , T (1,··· ,n) are the vectors (tensors) with elements t (j 1 ) 
Hence
which implies that
We now consider multipartite systems and their T matrices.
Theorem 2. Let ρ ∈ H d 1 ⊗ · · · ⊗ H d n be a pure state. If ρ is fully separable, then for any k = 1, · · · , d 2 − 1,
Proof. According to the Proposition 1 of Ref. [21] , i.e., if ρ is fully separable then t (1,··· ,n)
in , using the bound T (j 1 ) ≤ 2(d−1) d , j 1 = 1, · · · , n, we have
Hence, if ρ is fully separable, then T 1|···|n k = 2 n (d−1) n d n .
Let A 1 be subsets of the set {H 1 , H 2 , · · · , H n } and A 2 the complement of A 1 , n A 1 and n A 2 be the number of spaces contained in A 1 and A 2 , respectively. For the bipartition A 1 |A 2 = j 1 · · · j n A 1 |j n A 1 +1 · · · j n , j 1 = j 2 = · · · = j n ∈ {1, 2, · · · , n} (this means that any two subsystems are not repeatedly selected), let T A 1 |A 2 be a matrix with entries t a,b = t (1,··· ,n)
Theorem 3. Let ρ ∈ H d 1 ⊗ · · · ⊗ H d n be a pure state. If ρ is separable under bipartition A 1 |A 2 , then for any k = 1, · · · , d 2 − 1,
Proof. If ρ is separable under bipartition A 1 |A 2 , then ρ A 1 ⊗ ρ A 2 . Using the inequality (22), we get
Theorem 4. Let ρ ∈ H d 1 ⊗ · · · ⊗ H d n be a pure state such that ρ is separable under at least one bipartition. For any k = 1, · · · , d 2 − 1 and j 1 = j 2 = · · · = j n ∈ {1, 2, · · · , n}, we have (i) if ρ is entangled under a certain bipartition j 1 |j 2 · · · j n , then
([] denotes integer function), when n is odd;
, when n is even;
(ii) if ρ is entangled under a certain bipartition j 1 · · · j n−1 |j n , then
, when n is odd;
, when n is even.
Proof. (i) If ρ is entangled under bipartition j 1 |j 2 · · · j n , then there is at least one bipartition j ′ 1 · · · j ′ p |j ′ p+1 · · · j ′ n (p = 1, 2 · · · , n − 1) such that ρ is separable. Let j ′ 1 · · · j ′ p |j ′ p+1 · · · j ′ n = A 1 |A 2 , then n A 1 = p.
1 j 1 = 1. If p = 1 and j ′ 1 = 1, we have
If p = 2, 3, · · · , n − 1, we get
2 j 1 = 2, · · · , n − 1. For any p we have
3 j 1 = n. If p = 1, · · · , n − 2, we have
If p = n − 1, we get
Now consider max{ 2 n k(d p −1)(d n−p −1) d n , 2 n (d−1)(d n−1 −1) d n } p = 1, · · · , n − 1. Let y = (d h − 1)(d n−h − 1) (h > 0) be a continuous function. Then the maximal value is y max = (d
(ii) If ρ is entangled under bipartition j 1 · · · j n−1 |j n , then there is at least one bipartition j ′ 1 · · · j ′ p |j ′ p+1 · · · j ′ n p = 1, 2 · · · , n−1, such that ρ is separable. Similarly, let j ′ 1 · · · j ′ p |j ′ p+1 · · · j ′ n = A 1 |A 2 , then n A 1 = p. The proof can be done in three cases.
1 j n = 1. If p = 1, we have
If p = 2, · · · , n − 1, we get
2 j n = 2, · · · , n − 1. For any p we have
3 j n = n. If p = 1, · · · , n − 2, we get
If p = n − 1 and j ′ n = n, we have T j 1 ···j n−1 |jn k = T (j ′ 1 ,··· ,j ′ n−1 ) (T (j ′ n ) ) t k = T (j ′ 1 ,··· ,j ′ n−1 )
If n is odd, T j 1 ···j n−1 |jn k ≤ 2 n k(d [ n 2 ] −1)(d n−[ n 2 ] −1) d n . If n is even, T j 1 ···j n−1 |jn k ≤ 2 n k(d n 2 −1) 2 d n .
Conclusion
We have studied genuine multipartite entanglement in four-partite and multipartite qudit quantum systems, and derived the relationship between the norms of the correlation tensors and the specific matrix T . Based on these relations we have presented a criterion to detect GME in four-partite quantum systems. These results are generalized to multipartite systems. Our main results concern with special inequalities that bound the various norms of the correlation tensors, upon which our criterion is presented to detect GME in multipartite systems. These results can help distinguishing genuine multipartite entangled states. Genuine multipartite entanglement plays significant roles in many quantum information processing. Our approach and results may highlight further researches on the theory of genuine multipartite entanglement.
